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Confidence Interval (Cl)

(Single mean, Single
proportion)



Confidence Intervals (Cl)

A confidence interval, in statistics, refers to the probability that a

population parameter will fall between two set values for a certain
proportion of times.

i.e.,.a<u<b
The estimated range being calculated from a given set of sample data.

It is often expressed a % whereby a population means lies between an
upper and lower interval.

A confidence iInterval can take any number of probabilities, with the
most common being a 95% or 99% confidence level “«”.
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Confidence Interval of the Population Mean "u"

* A confidence interval for a mean gives us a range of
plausible values for the population mean.

e The Lower Ilimit of the
confidence interval;

X—Z%O'Y

« The wupper limit of the

confidence interval:

Confidence Interval
of u
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Jd How to Calculate a Confidence
Interval for a Population Mean?

Step 1: Find the number of observations n,

— no,.
calculate their sample mean X = “nlx‘,

n _Y 2
and sample standard deviation s = \/ 2i=1ﬁ‘1 %) ,

If the population’s standard deviation IS
unknown.



https://www.mathsisfun.com/data/standard-deviation.html

» Step 2: Decide what Confidence Interval we want.
1.e., (1 — a)% confidence interval for u “The area in
which the population mean u Is located”.

[(1 — a)%] — given in examples— a — %

o Step 3:

Population Stanldard Deviation “g”

I

If 0 known
Use: Z- table.

|:_+ ai
C X_ZE\/ﬁ

!

If o unkrfown—> s known
| |

If n > 30 If n < 30
Use: Z- table. Use: t- table.

v s X4y S
C|.XiZ%\/ﬁ CI'XitE,v\/ﬁ’

v=m-—1



Exercise

(1) An electrical firm manufactures light bulbs that have a length of life
that Is approximately normally distributed with a standard deviation of
40 hours. If a sample of 30 bulbs has an average life of 780 hours, find
a 96% confidence iInterval for the population mean of all bulbs
produced by this firm.

Solution:

- Stepl:n=30, X =780, o =40.
« Step2: (1—a)% =96% —>1—a=096->a=1-0.96

o oo oo o (o5 o o

z
A0 00079 0014 0.0170 00168 []0152 00138 0014 0040

a = 0.04
« Step 3: 0 = known, so we use z-table
Za = Zw = Zp02 = 2.05

> 5 VU I
Cl of u, with known o s glve:(]) by 19 D027 00281 00274 00263 []0252 00236 00 00244
X t za= = 780 £ (2.05) () 0.0202 — 0.02 = 0.0002

=780+ 14.9711 - 0.02 — 0.0197 = 0.0003
780 — 14.9711 < u < 780 + 14.9711 - 765.0289 < u < 794.971
£ 765 < u <795



(2) Many cardiac patients wear an implanted pacemaker to control their
heartbeat. A plastic connector module mounts on the top of the pacemaker.
Assuming a standard deviation of 0.0015 inch and an approximately
normal distribution, find a 95% confidence interval for the mean of the
depths of all connector modules made by a certain manufacturing
porﬂpanv. A random sample of 75 modules has an average depth of 0.310
Inch.

Solution:
- Stepl:n=75 X =0.310, o =0.0015.
e Step2: (1 —-a)%=95%—->1—-a=095->a=1-0.95
a = 0.05
« Step 3: 0 — known, so we use z-table 7 000 000 002 003 004 003 007

za = ZO-TOS_ ~ %0025 T _1'96_ L0 008 QU 000 0016 RM6E U1 00k 008
Clof u, with known o Is given by L0 008 0002 00T 00z 00T e 00i 0018

0.0015

X + za = = 0.310 £ (1.96) ) (0 - 0 1o
= 0.310 + 0.000173 -

0.310 — 0.000173 < u < 0.310 + 0.000173
+0.3098 < p < 0.3102




(3) A machine produces metal pieces that are cylindrical in shape. A sample of
pieces is taken, and the diameters are found to Dbe
1.01, 0.97, 1.03, 1. 04 0.99, 0.98, 0.99, 1.01, and 1.03 centimeters. Find a 99%
confidence interval for the mean diameter of pieces from this machine, assuming
an approximately normal distribution.

Solution:

+ Steplin=9, X=-"""""2=1.0056,

(1.01 — 1.0056)2 + -+ + (1.03 — 1.0056)?2
s = o = 0.02455.

- Step2:(1—-a)%=99%—>1—-a=099 >a=1-099 | «=0.01

o i/ -

) _ V.
Step 3: ¢ — unknown, n < 30, so we use t-table 000100 [ o5 |00 i
ta = ta L= tool = t0.005,8 — 3.355 B8 205 A8 4R W 6%
>V oM ——8 89 56 6965 80m M09 316

38 386 dndl S.047 T4 10

Cl of u, with unknown o, n < 30 is given by

-~ SO X P 2 b2 | <2

209 328 4,088 5598 §.610

— S 0.02455 5T 300 3365 3.634 47 3
X + te, = = 1.0056 + (3.355) (“ ) | o
T ?v \/ﬁ L ( ) \/5 2602 289 3143 1P 4317 5.5

W Ty 20% 3.203 4,029 J
—1 + . N 1 ; 2408
1.0056 + 0.0275 wﬂ I TN 3-9@» W
10056 . 00275 S ,Ll S 10056 + 00275 . 3.3?8 2.?74 2821 2908 3.690 4781
. O 9781 - - 1 0331 10 239 257 9 2932 3169 3481 {587
s U, S ‘Ll = 1. 11 "328 201 278 2819 3106 3407 4437



(4) A random sample of 12 graduates of a certain secretaria
school typed an average of 79.3 words per minute with a standard
deviation of 7.8 words per minute. Assuming a norma
distribution for the number of words typed per minute, find a
95% confidence interval for the average number of words typed
by all graduates of this school.

Solution:
e Stepl:n=12, X =793, s=78.
o Step2: (1 —-a)% =95%—->1—-a=095->a=1-0.95

 Step 3: ¢ — unknown, n < 30, so we use t-table @ =0.05
ta = ta =toos =1t = 2201 ' ' —
>V >n—1 —11 0.025,11 09003 _om  om  om 0w (00%

0325 0727 1376 1963 3008 6314 12700
0289 0617 1061 138 188 2920  4.03
0277 058 0978 1250 168 233 382
0271 0569 0941 1190 153 2132 2076
0267 055 09200 L1156 1476 2015 2471

0265 0553 0906  L134 1440 1943 2447
0963 0540 089  L119  1d15 1805 2865
0260 0546 0889 1108 137 1860  2.806
0961 0543 0883 L0 1383 183 2.5
oo 052 08T L0 13T 1812 ik

. n &AD N R7A 1 18] 1.363 1 700 C 2901 l
omo 08B LOB LE6 Lme o amm
eeo gm0 1079 1350 LT 2060

Cl of u, with unknown o, n < 30 is given by
= S 7.8

X 4 ta, = =793+ (2.201) (ﬁ)

= 79.3 + 4.95592 —

79.3 —4.95592 < u <79.3 +4.95592

~ 74.34408 < u < 84.25592

5!:,5:000403 SRS
(2]

0.259



Confidence Interval of the Population Proportion "p"

« A confidence interval for a proportion gives us a range of
plausible values for the population proportion.

Confidence Interval  The Lower limit of the confidence interval;

of p

AN

~ ~ pq
P—2Za0p =P — Za |—
2 24 N

« The upper limit of the confidence interval:

AN

~ ~ pq
+Za0py =P+ Za |—
P 5 P P 5.0 n

e e e e e
| SR, R —. A ——

= The CI of p is given by

D—zaoy P P+zaop . 10|
2 p 2 p piZa @
2.0 n

Also can be written as follows



d How to Calculate a Confidence Interval for a Population
Proportion?
Step 1: Find the number of observations n, calculate their sample
- A~ X
proportion p = —, where X : denote the number of success,

and calculateg = 1 — p.

Step 2: Decide what Confidence Interval we want. i.e., (1 —a)%
confidence interval for p “The area in which the population proportion

p is located”. [(1 — a)%)] — given in examples & — % Compute za
2

Step 3: The confidence interval for a population proportion p is given
by:

>

p
a [—
ZVn

>

p

—<p<p+
sln SPSPHz




Exercise

(1) Compute 95% confidence intervals for the proportion of defective items in a
process when it is found that a sample of size 100 yields 8 defectives.

Solution:

« Step 1: 1}(= 1080 , X : number of defective items = 8,
) = —=——=10.08 §=1—p=1-0.08=0.92
P==700 ) q p

o Step2: (1 —-a)% =95%—->1—-a=095->a=1-0.95

o Step 3: a = 0.05

Zg = Z20.05 — 20_025 — 196

2 2
Cl of p, is given by
Hq 0.08)(0.92
5+ 20 |PL = 008 + (196) [L228N09D _ ) 16 4 0.0532
L 100

— 0.080 — 0.0532 < p < 0.080 + 0.0532

» 0.0268 < p < 0.1332



(2) In a random sample of 1000 homes in a certain city, it is found that 228 are heated
by oil. find 99% confidence intervals for the proportion of homes in this city that are
heated by oil.

Solution:
e Step 1. n < 1002028’ X : number of homes heated by oil = 228,
p=—=T000=0228 §=1-p=1-0228=0772

« Step2:(1-a)%=99%->1-a=099->a=1-0.99 a=0.01

e Step 3:

Za = Z0.01 = Z(.005 z | 000 001 002 003 | 004 005 006 007 ' 008 009

2 2 -2.7  0.0035 0.0034 0.0033 0.0032 0.0031 0.0030 0.0029 0.8028 0.0027 0.0026
2 5 7 _|_ 258 -26 0.0047 0.0045 0.0044 0.0043 0.0041 0.0040 0.0039 0.0038 0.0€37 0.0036

— — 2575 25 s 508—— 06555555 R R o5 49 J0.0048
2 -24 0.0082 0.0080 0.0078 0.0075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064

-2.3  0.0107 0.0104 0.0102 0.0099 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084

0.0051 — 0.005 = 0.0001

Cl of p, is given by

A Pq

Pt Ze 7 0.005 — 0.0049 = 0.0001
0.228)(0.772

= 0.228 + (2.575 )\/< 1())(()0 ) _ 0.228 +0.0342 -

0.228 — 0.0342 < p < 0.228 + 0.0342
»0.1938 < p < 0.2622



3) A random sample of 200 voters in a town Is selected,
and 114 are found to support an annexation suit. Find the
96% confidence iInterval for the fraction of the voting
population favoring the suit.

Solution:

- Step 1: n =200, X: number of voters supported = 114, p = -
== =057, §=1-p=1-057 =043

- Step2: (1—-a)% =96% >1—a=096—>a=1-0.96

X

a = 0.04
¢ Step 3 Za = Z% = Zo_oz = 205
2 2
Cl of p, is given by
g 0.57)(0.43
P+ Za Pa _ 0.57 + (2.05) ( ) ) = 0.57+0.0718 -
iV n \ 200

0.57 — 0.0718 < p < 0.57 + 0.0718
~ 0.4982 < p < 0.6418



Problems:

1. The following measurements were recorded for the
drying time, in hours, of a certain brand of latex paint:

34 25 48 29 3.6
2.8 3.3 5.6 3.7 2.8
44 40 52 3.0 4.8

Assuming that the measurements represent a random
sample from a normal population, find a 95% prediction
Interval for the drying time for the next trial of the paint.




2. A random sample of 10 chocolate energy bars of a
certain brand has, on average, 230 calories per bar, with a
standard deviation of 15 calories. Construct a 99%
confidence interval for the true mean calorie content of
this brand of energy bar. Assume that the distribution of
the calorie content is approximately normal.

3. A random sample of 12 shearing pins is taken in a study
of the Rockwell hardness of the pin head. Measurements
on the Rockwell hardness are made for each of the 12,
yielding an average value of 48.50 with a sample standard
deviation of 1.5. Assuming the measurements to be
normally distributed, construct a 90% confidence interval
for the mean Rockwell hardness.




4. A manufacturer of MP3 players conducts a set of
comprehensive tests on the electrical functions of its
product. All MP3 players must pass all tests prior to
being sold. Of a random sample of 500 MP3 players,
15 failed one or more tests. Find a 90% confidence
Interval for the proportion of MP3 players from the
population that pass all tests.

5. A geneticist Is Interested In the proportion of African
males who have a certain minor blood disorder. In a
random sample of 100 African males, 24 are found to
be afflicted. Compute a 99% confidence interval for
the proportion of African males who have this blood
disorder.




