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COROLLARY

The Division Algorithm

When an integer is divided by a positive integer, there is a quotient and 

a remainder, as the division algorithm shows.

DEFINITION
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What are the quotient and remainder when 101 is divided by 11?

Example

We have

Hence, the quotient when 101 is divided by 11 is 9 = 101 div 11, 

and the remainder is 2 = 101 mod 11.

Remark: Note that both a div d and a mod d for a fixed d are functions on 

the set of integers. Furthermore, when a is an integer and d is a positive 

integer, we have a div d = a/d and a mod d = a - d. 
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Hence, the quotient when -11 is divided by 3 is -4 = -11 div 3, and the 

remainder is 1 = -11 mod 3.

Note that the integer a is divisible by the integer d if and only if the remainder

is zero when a is divided by d.

What are the quotient and remainder when -11 is divided by 3?

Example

We have -11 = 3(-4) + 1.

Lecture 7

-11 = 3(-3) - 2, 

Note that the remainder cannot be negative. Consequently, the remainder 

is not -2, even though 

-11 = 3(-3) - 2, 

because r  = -2 does not satisfy 0 ≤ r <3.
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Modular Arithmetic

Although both notations a ≡ b (mod m) and a mod m = b include

“mod,” they represent fundamentally different concepts. The first

represents a relation on the set of integers, whereas the second represents

a function. However, the relation a ≡ b (mod m) and the mod m function

are closely related, as described in Theorem 3.
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Determine whether 17 is congruent to 5 modulo 6 and whether 24 and 

14 are congruent modulo 6.

Example

Because 6 divides 17 - 5 = 12, we see that 17 ≡ 5 (mod 6). However, 

because 24 - 14 = 10 is not divisible by 6, we see that 24 ≢14 (mod 6)

Solution

Recall that a mod m and b mod m are the remainders when a and b are divided 

by m, respectively. Consequently, Theorem 3 also says that a  ≡ b (mod m) if 

and only if a and b have the same remainder when divided by m.
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Recall that a div m and a mod m are the integer quotient and remainder when a is 

divided by m. 

a) Because 228 = 1 · 119 + 109, we have 228 div 119 = 1 and 228 mod 119 = 109.

Lecture 7

Example

Solution

c) Because -10101 = -31 · 333 + 222, we have -10101 div 333 = -31 and -10101

mod 333 = 222. (Note that 10101 ÷ 333 is 30
111

333
, so without the negative

dividend we would get a different absolute quotient and different remainder. But

we have to round the negative quotient here, - 30
111

333
, down to -31 in order for

the remainder to be nonnegative.)

b) Because 9009 = 40 · 223 + 89, we have 9009 div 223 = 40 and 

9009 mod 223 = 89. 
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Because 7 = 2 (mod 5) and 11 = 1 (mod 5), it follows from Theorem 5 that

18 = 7 + 11 = 2 + 1 = 3 (mod 5)

and that  77 = 7 · 11 = 2 · 1 = 2 (mod 5).

Theorem 5 shows that additions and multiplications preserve congruences.
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Arithmetic Modulo m

We can define arithmetic operations on 𝑍𝑚, the set of nonnegative integers 

less than m, that is, the set {0, 1,...,m- 1}. In particular, we define addition 

of these integers, denoted by +𝑚 by

a +𝑚 b = (a + b)  mod m,

we define multiplication of these integers, denoted by . 𝑚 by

a . 𝑚 b = (a .  b)  mod m,

Example

Solution

Use the definition of addition and multiplication in 𝑍𝑚 to find 

7 +11 9 and 7 .𝑚 9.

Using the definition of addition modulo 11, we find that

7 +11 9 = (7 + 9) mod 11 = 16 mod 11 = 5,

And

7 .11 9 = (7 · 9) mod 11 = 63 mod 11 = 8.

Hence 7 +11 9 = 5 and 7 .11 9 = 8. 
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Primes and Greatest Common Divisors

Primes

Remark: The integer n is composite if and only if there exists an integer a

such that a | n and 1 < a <n.

• The integer 7 is prime because its only positive factors are 1 and 7, 

whereas the integer 9 is composite because it is divisible by 3.
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• The prime factorizations of 100, 641, 999, and 1024 are given by

Show that 101 is prime.

Example

Lecture 7

The only primes not exceeding 101 are 2, 3, 5, and 7. Because 101 

is not divisible by 2, 3, 5, or 7 (the quotient of 101 and each of these 

integers is not an integer), it follows that  101 is prime.

Solution
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Greatest Common Divisors and Least Common Multiples

What is the greatest common divisor of 24 and 36?

Example

Solution

The positive common divisors of 24 and 36 are 1, 2, 3, 4, 6, and 12. 

Hence, gcd(24, 36) = 12.

What is the greatest common divisor of 17 and 22?

Example

The integers 17 and 22 have no positive common divisors other than 

1, so that gcd(17, 22) = 1.
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• the integers 17 and 22 are relatively prime, because gcd(17, 22) = 1

• Determine whether the integers 10, 17, and 21 are pairwise relatively 

prime and whether the integers 10, 19, and 24 are pairwise relatively 

prime.

Example

Because gcd(10, 17) = 1, gcd(10, 21) = 1, and gcd(17, 21) = 1, we 

conclude that 10, 17, and 21 are pairwise relatively prime.

Because gcd(10, 24) = 2 > 1, we see that 10, 19, and 24 are not pairwise 

relatively prime.
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Example

Example

Lecture 7



Dr. Mohamed Abdel-Aal
Discrete Mathematics 

The Euclidean Algorithm

Find the greatest common divisor of 414 and 662 using the Euclidean 

algorithm.

Example

Solution

Successive uses of the division algorithm give:

662 = 414 · 1 + 248

414 = 248 · 1 + 166

248 = 166 · 1 + 82

166 = 82 · 2 + 2

82 = 2 · 41.

Hence, gcd(414, 662) = 2, because 2 is the last nonzero remainder.
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gcds as Linear Combinations

Express gcd(252, 198) = 18 as a linear combination of 252 and 198.

Example

Solution

To show that gcd(252, 198) = 18, the Euclidean algorithm uses these divisions:

252 = 1 · 198 + 54

198 = 3 · 54 + 36

54 = 1 · 36 + 18

36 = 2 · 18

Using the next-to-last division (the third division), we can express gcd(252, 198) = 18 

as a linear combination of 54 and 36. We find that:   18 = 54 - 1 · 36.

The second division tells us that

36 = 198 - 3 · 54.
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Substituting this expression for 36 into the previous equation, we can express 18 

as a linear combination of 54 and 198. We have

18 = 54 - 1 · 36 = 54 - 1 · (198 - 3 · 54) = 4 · 54 - 1 · 198.

The first division tells us that

54 = 252 - 1 · 198.

Substituting this expression for 54 into the previous equation, we can express 18 

as a linear combination of 252 and 198. We conclude that

18 = 4 · (252 - 1 ·198) - 1 · 198 = 4 · 252 - 5 · 198,

completing the solution.
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Express the greatest common divisor of each of these pairs of integers 

as a linear combination of these integers.

Example

Solution
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